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EQUIVALENCE OF CRITICAL AND SUBCRITICAL SHARP 
TRUDINGER-MOSER-ADAMS INEQUALITIES 

NGUYEN LAM, GUOZHEN LU, AND LU ZHANG 


Abstract. Sharp Trudinger-Moser inequalities on the first order Sobolev spaces and 
their analogous Adams inequalities on high order Sobolev spaces play an important role 
in geometric analysis, partial differential equations and other branches of modern math¬ 
ematics. Such geometric inequalities have been studied extensively by many authors in 
recent years and there is a vast literature. There are two types of such optimal inequal¬ 
ities: critical and subcritical sharp inequalities, both are with best constants. Gritical 
sharp inequalities are under the restriction of the full Sobolev norms for the functions 
under consideration, while the subcritical inequalities are under the restriction of the par¬ 
tial Sobolev norms for the functions under consideration. There are subtle differences 
between these two type of inequalities. Surprisingly, we prove in this paper that these 
critical and subcritical Trudinger-Moser and Adams inequalities are actually equivalent. 
Moreover, we also establish the asymptotic behavior of the supremum for the subcritical 
Trudinger-Moser and Adams inequalities on the entire Euclidean spaces (Theorem 1.1 
and Theorem 1.3) and provide a precise relationship between the supremums for the 
critical and subcritical Trudinger-Moser and Adams inequalities (Theorem 1.2 and The¬ 
orem 1.4). Since the critical Trudinger-Moser and Adams inequalities can be easier to 
prove than subcritical ones in some occasions, and more difficult to establish in other 
occasions, our results and the method suggest a new approach to both the critical and 
subcritical Trudinger-Moser and Adams type inequalities. 


1. Introduction 

In this section, we will begin with giving an overview of the state of affairs of the best 
constants for sharp Trudinger and Adams inequalities. Subsection 1.1 concerns the sharp 
Trudinger-Moser inequalities and Subsection 1.2 discusses the sharp Adams inequalities 
involving high order derivatives. In Subection 1.3, we will state our main results on the 
equivalence between critical and subcritical Trudinger-Moser and Adams inequalities. 

1.1. Trudinger-Moser inequality. Motivated by the applications to the prescribed 
Gauss curvature problem on two dimensional sphere J. Moser proved in [19] an 
exponential type inequality on with an optimal constant. In the same paper, he 
sharpened an inequality on any bounded domain G in the Euclidean space studied 
independently by Pohozaev 121. Trudinger m and Yudovich [25] , namely the embedding 
(G) C (G), where (G) is the Orlicz space associated with the Young func¬ 
tion (pN{t) = exp — 1 for some a > 0. More precisely, using the Schwarz 

rearrangement, Moser proved the following inequality in [19] : 
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Theorem A. Let fl be a domain with finite measure in Euclidean N—space , n>2. 
Then there exists a constant > 0, such that 


1 





dx < Co 


( 1 . 1 ) 


for any u G ITq( f2) with dx < 1. The constant where ccat-i 

is the area of the surface of the unit N— ball, is optimal in the sense that if we replace 
On by any number a > a^, then the above inequality can no longer hold with some cq 
independent of u. 


Moser used the following symmetrization argument: every function u is associated to 
a radially symmetric function u* such that the sublevel-sets of u* are balls with the same 
area as the corresponding sublevel-sets of u. Moreover, u is a positive and non-increasing 
function dehned on Bji (0) where \Bji (0)| = |f2|. Hence, by the layer cake representation, 
we can have that 



/ (u) dx 



f {u*) dx 


for any function / that is the difference of two monotone functions. In particular, we 
obtain 


m\p = \\u lip: 


/ exp \a\u\^-^] dx = / exp f a |m*| ) da:. 

Moreover, the well-known Polya-Szego inequality 

[ \Vu*fdx< [ \Vufdx 
plays a crucial role in the approach of J. Moser. 


( 1 . 2 ) 


As far as the existence of extremal functions of Moser’s inequality, the hrst breakthrough 
was due to the celebrated work of Carleson and Chang [5] in which they proved that the 
supremum 

1 

sup 

can be achieved when H is an Euclidean ball. This result came as a surprise because it 
has been known that the Sobolev inequality does not have extremal functions supported 
on any hnite ball. Subsequently, existence of extremal functions has been established on 
arbitrary domains in i, ini, and on Riemannian manifolds in |T5], etc. 

We note when the volume of H is inhnite, the Trudinger-Moser inequality fll.ip becomes 
meaningless. Thus, it becomes interesting and nontrivial to extend such inequalities to 
unbounded domains. Here we state the following two such results in the Euclidean spaces. 


exp I cxat |M 


N 

N-1 


dx 
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We first recall the subcritical Moser-Trudinger inequality in the Euclidean spaces es¬ 
tablished by Adachi and Tanaka pQ. 

Theorem B. For any a < om, there exists a positive constant C^cy such that Vu G 
||Vn||^<l: 


(/)Ar ( a \u \^-1 ) dx < Cm a \\u 


\N 

In ’ 


(1.3) 


where 


N-2 


P 


Mt) = e* - 


j=0 


r- 


The constant is sharp in the sense that the supremum is infinity when a > 

We note in the above theorem, we only impose the restriction on the norm 
without restricting the full norm 

1 l/N 


4- T 


\u\ 


\N 


< 1 . 


The method in [T] requires a symmetrization argument which is not available in many 
other non-Euclidean settings. The above inequality fails at the critical case a = a^- So it 
is natural to ask when the above can be true when a = a^- This is done by Ruf [21] and 
Li and Ruf [16] by using the restriction of the full norm of the Sobolev space : 

/riv iVnl^ + r/jj^ ^ 


Theorem C. For all 0 < a < ajsi : 


sup 

||u||<l . 


07 V ( D |m| ) dx < OO 


(1.4) 


where 

JRJV V / 

Moreover, this constant is sharp in the sense that if a > a^, then the supremum is 
infinity. 




Sharp critical and subcritical Trudinger-Moser inequalities on inhnite volume domains 
of the Heisenberg groups were also established in [H] |T3] by using a symmetrization-free 
method. 

The inequality fll.Sp uses the seminorm ||Vm||jy and hence fails at the critical case 
a = otv, the best constant. Thus, it can be considered as a sharp subcritical Trudinger- 
Moser inequality. In fll.4|) . when using the full norm of the best constant 

could be attained. Namely, the inequality holds at the critical case a = a^- Hence, fll.4l) 
is the sharp critical Trudinger-Moser inequality. 
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Nevertheless, the main purpose of this paper is to show that in fact, these two versions 
of critical and subcritical Trudinger-Moser type inequalities are indeed equivalent. Since 
the critical Trudinger-Moser type inequality is easier to study than the subcritical one in 
some occasions, and it is easier to investigate subcritical Trudinger-Moser type inequality 
than the critical one in other occasions, our paper suggests a new approach to both the 
critical and subcritical Trudinger-Moser type inequalities. 


1.2. Adams inequalities. It is worthy noting that symmetrization has been a very use¬ 
ful and efficient (and almost inevitable) method when dealing with the sharp geometric 
inequalities. Thus, it is very fascinating to investigate such sharp geometric inequalities, 
in particular, the Trudinger-Moser type inequalities, in the settings where the symmetriza¬ 
tion is not available such as on the higher order Sobolev spaces, the Heisenberg groups, 
Riemannian manifolds, sub-Riemannian manifolds, etc. Indeed, in these settings, an in¬ 
equality like fll.2p is not available. In these situations, the hrst break-through came from 
the work of D. Adams [2] when he attempted to set up the Trudinger-Moser inequality in 
the higher order setting in Euclidean spaces. In fact, using a new idea that one can write 
a smooth function as a convolution of a (Riesz) potential with its derivatives, and then 
one can use the symmetrization for this convolution, instead of the symmetrization of the 
higher order derivatives, Adams proved the following inequality with boundary Dirichlet 
condition [2] which was extended to the Navier boundary condition in [23] when = 0, 
and then the first two authors extended it to the case 0 < /3 < N HD]. The following is 
taken from HD]. 


Theorem D. Let H be an open and bounded set in . If m is a positive integer less 
than A, 0 < /9 < A, then there exists a constant Cq = C{N,m, /3) > 0 such that for any 


u 


e and ||V" 


u\ 


N , . 
Lm (Q) 


< 1, then 


|H| 


1--^ 
^ N 


exp(a ( 1 — 


I 

A 


i\ 

|^(3;)| iV-m) 


dx 


\x 


0 - 


<C. 


for all fl < (3{N,m) where 


/5(A, m) = 


N 

7r^/22™r(i2^) 

N- 

N 

WN-1 

N 

r(iV-m+l) 

■,r^/22"*r(f )■ 


N — m 

wn-1 

r(iV-m) 


when m is odd 
when m is even 


Furthermore, the constant fi{N,m) is optimal in the sense that for any a > (3{N, m), 
the integral can he made as large as possible. 


Adams inequalities have been extended to compact Riemannian manifolds in [7]. The 
Adams inequalities with optimal constants for high order derivatives on domains of infi¬ 
nite volume were recently established by Ruf and Sani in [22] in the case of even order 
derivatives and by Lam and Lu for all order of derivatives including fractional orders 
um- The idea of [22] is to use the comparison principle for polyharmonic equations 
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(thus could deal with the case of even order of derivatives) and thus involves some diffi¬ 
cult construction of auxiliary functions. The argument in [HI [12] uses the representation 
of the Bessel potentials and thus avoids dealing with such a comparison principle. In 
particular, the method developed in [12] adapts the idea of deriving the sharp Moser- 
Trudinger-Adams inequalities on domains of hnite measure to the entire spaces using the 
level sets of the functions under consideration. Thus, the argument in [12] does not use 
the symmetrization method and thus also works for the sub-Riemannian setting such as 
the Heisenberg groups mm- The following general version is taken from [T2] . 

Theorem (Lam-Lu, 2013) Let 0 < 7 < n be an arbitrary real positive number, p = y 
and r > 0. There holds 

sup / (j) (^(3o {n,'y) \u\^^ dx < 00 

MgVLT.P(R"),||{r/-A)^n|| <1 
II lip 

where 

j=o-J' 

jp = min {j eN : j >p}> p. 

Furthermore this inequality is sharp in the sense that if /3q {n, 7 ) is replaced by any 
(3 > (3o then the supremum is inhnite. 

Very little is known for existence of extremals for Adams inequalities. Existence of 
extremal functions for the Adams inequality on bounded domains in Euclidean spaces 
has been established in [18] and compact Riemannian manifolds by [H] only when N = 4 
and m = 2 and is still widely open in other cases. 


1.3. Our Main Results. Though the Adachi-Tanaka type inequality in unbounded do¬ 
mains has been known for quite some time, it is still not known what the following 
supremum is: 


sup 



4>n ( O' ( 1 



dx 



In particular, we do not even know how the supremum behaves asymptotically when a 
goes to aisf- 


The following theorem answers this question and provides the lower and upper bounds 
asymptotically for the supremum. 


Theorem 1.1. Let N >2, 


N 


N 

Ntt^ 

r(f+i) 


1 

, 0 < (3 < N and 0 < a < otv- Denote 


AT {a, (3) 


sup 


1 


u 


N-p 

N 


4>n ( O' (I 


N 


u 


N 

N-1 


dx 
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Then there exist positive constants c = c {N, (3) and C = C {N, (3) such that when a is 
close enough to a^- 


c{N,/3) 


I- 

ON 


N- 


{N-I3)/N 


< AT {a, (3) < 


C (iV, /3) 


1 _ ^ 

ON 


N- 


{N-g)/N- 


(1.5) 


Moreover, the constant is sharp in the sence that AT {aN,(3) = oo. 

We note that we do not assume a priori the validity of the critical Trudinger-Moser 
inequality with the restriction on the full norm (i.e., the inequality (1.4)) in order to 
derive the above asymptotic behavior of the supremum AT{a,/3). We also mention that 
the upper bound in fll.5p in dimension two in the nonsingular case (3 = 0 has also been 
given in |1] using the sharp critical Trudinger-Moser inequality in 


Next, we like to know how the supremum AT{a, (3) we established in Theorem 11.11 
will provide a proof to the sharp critical Trudinger-Moser inequality. Thus, this gives a 
new proof of the sharp critical Trudinger-Moser inequality in all dimension N. We also 
answer the question under for which a and b the critical Trudinger-Moser inequality holds 
under the restriction of the full norm ||Vm||^ -|- ||'u||^ < 1. Moreover, we establish the 
precise relationship between the supremums for the critical and subcritical Trudinger- 
Moser inequalities. 


Theorem 1.2. Let N >2, 0 < (3 < N, 0 < a, b. Denote 


MTa,b {(3) = sup / 

\\^n\\% + \\u\\%<lJK^ 

MT {(3) = MTn,n {(3). 


, , , , I3\ , dx 

07V ( Ov ( 1 - ^ 1 


\x 


/3- 


Then MTa^ {(3) < oo if and only ifb<N. The constant is sharp. Moreover, we have 
the following identity: 


/ N-1 V 

/1 _ f Ji.'] ^ \ 


N-0 


MTafi {(3) = sup 

aG(0,ajv) 


In particular, MT {(3) < oo and 


MT {(3) = sup 

Q!G(0,Q;iv) 


\OiN 


N-1 7 

/ N 


\aN 


AT (a, fj). 




\aN 


N-8 

N-l\ -JT 


a 

(An 


N-1 


AT {a, (3). 


( 1 . 6 ) 


We now consider the sharp subcritical and critical Adams inequalities on , N > 

3. Our first result is the following sharp subcritical Adams inequality which provides the 
asymptotic behavior of the supremum (lower and upper bounds) in this case. 
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Theorem 1.3. Let N>3,0</3<N and 0 < a < /3 {N, 2). Denote 


AT A {a,/3) 


4>N,2 {t) 


sup 

||Att|| iv <1 



E 


P 


4>n,2 (l - jj) 




dx; 


Then there exist positive constants c = c {N, (3) and C = C {N, (3) such that when a is 
close enough to (3 {N, 2) : 



c(7V,/3) 


/3(N,2) 


< AT A {a,/3) < 



C (iV, /3) 


AN,2) 


(1.7) 


Moreover, the constant 13 (iV, 2) is sharp in the sence that AT {aN,/3) = oo. 


The next theorem offers a precise relationship between the supremums of critical and 
subcritical Adams inequalities. Thus, it also provides a new approach of proving one of 
the critical and subcritical Adams inequalities from the other. 


Theorem 1.4. Let N > 3, 0 < /3 < N, 0 < a, b. We denote: 

f 0iv,2(/9(iV,2)(l-^)|n|^) 

Aa,b{/3)= sup / -^ g - -dx] 

A..i^) = A{^); 

Then Aafi{f3) < oo if and only if b < y. The constant f3{N,2) is sharp. Moreover, we 
have the following identity: 

N-13 

2b 

ATA{a,/3). (1.8) 


In particular, A {13) < oo and 

N- 


A {(3) = sup 

ae(0,/3(Af,2)) 


/ 


1 - 


AN,2) 


\ 


\ [wm J 


N-2 

2 


AT A {a, 13) 


Aa,b{(3)= sup 

a&{0,AN,‘2)) 


AN,2) 


AN,2) 


Finally, we will study the following improved sharp critical Adams inequality under 
the assumption that a version of the sharp subcritical Adams inequality holds for the 
factional order derivatives: 
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N / \ 

7rT2^r(i) 

r(V) 


P 

P-1 


Theorem 1.5. Let 0 < j < N be an arbitrary real positive number, p = ^, 0 < a < 

, 0 < (3 < N, 0 < a, b. We note 

1 r (a (l - 4) |m|^) 


GATA{a,/3)= sup 


•uGVUT'’P(R^): (-A)^n <1 ki 


GAafi {(3) = sup 

•ugM/T'’P(R^):||(-A)7n|r + ||«||^<l ' 


:i-#) 


\x\ 


(I^Na (Po (^> 7 ) (1 - §) 


-dx; 


dx 


\x\ 


where 


P 


(t) - W 

1 'J * 


jGN:j>p-l 

Assume that GAT A [a, (3) < oo and there exists a constant G {N,'j,(3) > 0 such that 

G{N,^,^) 


GATA{a,(3) < 


p-i 
a \ P 


hoW,i) 


(1.9) 


Then when b < p, we have GAa^ {(3) < oo. In particular GAp^p {(3) < oo. 

Though we have to assume a sharp subcritical Adams inequality (11.91) . the main idea of 
Theorem 11.51 is that since GATA{a, (3) is actually subcritical, i.e. a is strictly less than 
the critical level /3o (A^, 7 ), it is easier to study than GAa^ {(3). Hence, it suggests a new 
approach in the study of GAa^i, {(3). 


2. Some lemmata 


Lemma 2.1. 

AT (a, /9) = sup 


(j)N { a { 1 



dx 



Proof. For any u G : ||Vm||^ < 1, we define 

V (x) = u (Ax) 

^ — ll'^lljv • 

Then, 


Hence 


Vn (x) = AVu (Ax). 
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and 


Irn 


0 N ( a ( 1 - 


N 


/S 


07V ( a ( 1 - ^ ) |M(Aa;)| 


\x\ 

N \ dx 

JV-l 


\X 


/3 


XN-P 

1 


07v(a(l-4l 


N 


\u 


\N-p 

\n 


(j)N \ a { 1 — 


B \ , dx 

’ I L, . AT 1 I 


N 


\u\ 


\x\ 


□ 


By Lemma [2.11 we can always assnme llnll^ = 1 in the sharp snbcritical Trndinger- 
Moser ineqnality. 

Lemma 2.2. The sharp subcritical Moser-Trudinger inequality is a consequence of the 
sharp critical Moser-Trudinger inequality. More precisely, if MTa^bW) is finite, then 
AT {a, (3) is finite. Moreover, 


( 


AT [a,fB) < 


a 

aN 


\ 


N-lz 

b 


1 - 

V 


N ^ 


MTa,b {(B) 


In particular. 


( 


AT {a,(B) < 


OtN 


N-1 \ 




1 _ ^ 

OLN 


N-1 


MT {(B) 




Proof. Let u e (M^) : ||Vm||^ < 1; ||m||^ = 1. Set 


a 


V {x) = ( — u (At) 

\aN, 


A = 


V 


N-1 

N 


b X Vb 


1 - ( ^ 


A ^-1 

N 


\ 

I 


then 


( 2 . 1 ) 


a A 


/ a V 


IIv^IIn= — IIV«||^< — 


a at/ 


\OiN J 


FIIat — 


N-1 u N-1 , 

a A ^ 1 fe f a B N 

aN) ^ 
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Hence || Vn||^ + ||u||^ < 1. By the definition of MTa^b (/d), we have 

dx 


4.. (a(l - kr''"-'’) 


\x 


/3 






dx 


\x\ 


N-B 

( \ * 


< 


\o^n) 


V 


- . 


\OiN 


E^C 

N ^ 


MTa,b m . 


Lemma 2.3. 


ATA{a^f3)= sup 


0A,2 (a (l - 


dx. 


||Atj|| jv <i;ll“ll N =1 ■ 


X 


Proof. Let u G : ||AM||iv < 1 and set 

V {x) = u (Ax); 


A = ||m|| 1/ 


Then it is easy to check that 
and 


Av (x) = \^Au (Ax) 


IIAx||iv = IIAm|| jv ; 

I / \ I — f — 

\v {x)\‘^ dx = / \u (Ax )dx = 


E 

2 

E 

2 


klU = 


A^ 


\u (x)| ^ dx = 1. 


Moreover 


0A,2 (a (1 - |x|^-2) r- 0JV,2 (a (1 - |m(Ax)|~-2 

-- a - —dx = / -- o - —dx 


X 


X 


0 A ,2 (a (1 - |:) | m ( x )|~^2 


AY-/3 


■dx 


X 


0 v,2 (a(l- |:) |m|~^2 ) 


I 2 G n) 


dx. 


u 


X 


□ 


□ 
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Lemma 2.4. 


In particular, 


Proof. Let u 


then 


Hence ||An||'^ 
2 


Assume Aa^b iP) < oo, then AT A {a, (3) < oo. Moreover, 


AT A {a, (3) < 
if A [(3) < oo, then 

AT A {a,/3) < 


I3{N,2) 


\ 


N-13 


1 - 


/ 


/3(Af,2) 


N-2 , 
N ^ 


Aa,b {(3) ■ 




N-2 

2 


V- 


I3{N,2) 


N-2 

2 


N-0 

N 


A(/3) 


z W'^’2 : ||Am||jv < 1 and ||M||iv = 1. We define 


V (x) = 


A = 


a 


/3(N,2) 


N-2 

N 


( 


/3(Af,2) 


u (At) 


ib \ 2b 


\ 


1 - 


h(N,2) 


N-2 , 
N ^ 


||At||]v = 


a 


^ \P{N,2) 


N-2 

N 


IIAmIIjv < 


a 


2 - \P{N,2) 


T JV = 


a 


N-2, 

I 


T yp{N,2)J ^ yP{N,2) 

+ IkllA A 1- By the definition of Aab (/3), we have 
2 ’ 

dx 


N-2 

N 


a 


( a(l - A) |„r/<»-) 


\x 


A 


= X^-^ 

/ 

V 


< 


\ 
/ 


P(N,2) 


N-13 

lb \ 2b 


I3{N,2) 


N-2 , 
N ^ 


^a,b W) 


( 2 . 2 ) 


□ 
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3. Asymptotic behavior oe the supremums in subcritical Trudinger-Moser 

INEQUALITIES AND RELATIONSHIP WITH THE CRITICAL SUPREMUMS 

In this section, we will prove the improved sharp snbcritical Trndinger-Moser inequality. 
In particular, we will establish the asymptotic behavior for the supremum AT{a,l3) for 
the subcritical Trudinger-Moser inequality (Theorem 1.1). We would like to note here 
that we don’t assume the critical MT {(3) < cxo in the proof of Theorem 11.11 Moreover, 
we also establish the relationship between the supremums AT{a,(3) and MT{f3) of the 
critical and subcritical Trudinger-Moser inequalities (Theorem 1.2). 


Proof of Theorem \l.li Suppose that u G (M^) \ {0}, m > 0, ||Vm||^ < 1 and \\u 
1. Let 


= { X u{x) > |l — 


N-l\ N 


Then the volume of can be estimated as follows: 


We have 


|f2| = / Idx < 


u {x) 


N 


-dx < 


( / nA-1' 


^ \<^N J 


On J 


4 >« («(1 - 1 ) i..r«"-'') 


dx 




\X\ 


< 


(j)N j 


dx 


{«<!} 


\x\ 


< p 


u 


N 


{«<!} 


\X\ 


^dx 


< P 


u 


N 


\X 


dx + e° 


u 


N 


< 


C{N,(3) 




X 


jdx 


1 - 


ajv 


N-l 


{N-p)/N ■ 
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Now, consider 


^ = 7--* 

n 

rexp (^a (1 - 


On O, we set 


n (x) = M (x) — 1 — — 

\ \aN 


Then it is clear that v G (O) and ||Vn||^ < 1. Also, on Q, with e = ^ — 1 : 


|d+ 1- — 


ix N/(iV-l) 
N-l\ N \ 


< (1 + + (1 - (^1 
= ^U\N/{N-l) ^ 


\ N-l\ N 

^ \ \ \N/{N-1) 


Hence, by Moser-Trudinger inequality on bounded domains: 

rexp [a (1 - 4) 

J < /-^- —dx 

n 

f exp (ajv (l - jf) |t;|^/(^-b a) 


<C{N,/3)\Qt- 

C{N,^) 


In conclusion, we have 


1 _ An 

V OJV 


AT{a,/3) < 


C (TV, p) 

1 - I 
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Next, we will show that AT {a]\f,/3) = oo. Indeed, consider the following sequence: 

' 0 if |a;| > 1 , 

u4x)=\ (S^)‘^~log(R) , 


^N-1 I V 


if 0 < Ixl < e 


Then we can see easily that 


However 


1, ||lln||jv Ufi(l). 


■0Ar (l - Jf) 


0 A (n) 


0<|x|<e 


= a;7v_i07v (n) / ^ ^dr 


^n-i4>n {n) ujn-1 

= - 7-7 -RT—)■ - 7 as n -)■ cx). 

{N — f3) N — f3 

Now, it is clear that there exists a large constant Mi, such that when n > Mi, 


. 1 X At/At . Tl X N{N—1) 1 - 

ujn-1 N — p 


Un. A/- — 


.-jwrj UN-in r 


Mr H — 
n 

1 1 


1 f N-13 


l^e-^ydy 


n e H— ~ — 

n n 


when n > Mi. 


Now we consider the following integral 

f 0jv(a(l - I3/N)\un\'^', 


\ (^N-l — p 


07 V (- n ) ^ ^dr > (p^ 

\aN ) 
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We note that there exists a large constant M 2 independent of a such that for n > M 2 


OL \ 1 
OtN 

Now we have 


as long as — > 


, I a \ (-s^)n 

0 Ar —n ^ e 
Un 


f 0 jv(a(l - /3/N)\u\>^-^ 

\ —n —(1- —)n 


-dx 


Now for a that is close enough to we can pick n such that 1 < (1 — < 2, i.e 


a ~ (1- )aN > ( 1 — 


n 


or 


Then 


max (Ml, M 2 ) < n 


max (Ml, M 2 ) 
1 




_ a ’ 

ajv 


U 


\N-I3 


n\\N 


\x\P 


■dx 


N-0 


1 _ 

OLN 


And note that when a is close enough to aM-, we have 


l-(—) 


a \N—1 


1 - 


ojv 


which implies 


AT {a, 13) > 

when a is close enough to a at. 


c(iV,/3) 


i-(^)' 


1V_1\ {N-fi)/N 


(3.1) 


□ 


Now, we will provide a proof of the sharp critical Trudinger-Moser inequality, namely 
Theorem ll.21 using the above improved sharp subcritical Trudinger-Moser inequality fll.51) . 
This suggests a new approach to and another look at the study of the sharp Trudinger- 
Moser inequality: 

Proof of Theorem \l.A First assume that b < N. Let u G (R^) \ {0} : ||Vm||^ -|- 

||m||^ < 1 . Assume that 
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If i < 0 < 1, then we set 


V {x) = 


u (Xx) 


A = ^> 0. 


Hence 


l|Vn||^ = 


e 


= 1 ; 


I 11^ f \ ^ ^ I 1\ ^11 11^^ (1 — 0“) *> 

H|„=/ |„| dx = ^ \u(\x)\ dx=-^\\u\\^<-^^ = l. 


By Theoreni ll.il we get 


N 

I iV-1 


(j)N (^aN {l-Jf)\u\^-A r 07V (ttA (l - f) |m (Aa;)|- 

^ -dx = I -- 3 - —d (Xx) 


\x\ 


|Aa:| 


^y^N-P 




dx 


\x\ 


< X^-^AT (^0^a7v,0) < 


(1 - 
—§xr 


C (iV, 0) 




X 1 —£- 

N-l\ ^ N 


< 


((!-»“)' 


£L\^ N 




— -y—C (iV, 13) <C {N, /3, a, h) since b < N. 


If 0 < 6^ < A then with 


we have 


V (x) = 2u (2x ), 


\Mn < 1 - 


By Theorem ll.lt 


(j)N (oiN (l - 


■dx < 2 


N 


0 A ( 

27Wn' 


\x\ 


X 


0 


■dx 


<C{N,(3). 
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Next, we will verify that the constant Q;Ar(l — is our best possible. Indeed, we choose 
the sequence {uk} as follows 


Then, 


Set 


/, /1') j I I 

ya;jv-in J V FI / ' ' 


0 if |a;| > 1 , 


Unix) = < 


UJN-1 


N-13 


N-l 

N 


if 0 < Ixl < e 


IIVUnllAT — 1 




= 0 (—). 
UN 


(3.2) 


w. 


,(a;) = XnUn [x) where G ( 0 , 1 ) is a solution of A“ + A^ IlMnllAr = 1 - 
1 


A„ = 1 - O 


6 

UaN 


1 . 


Then 


= 1 . 

Also, for a > (Tat : 

r 0JV (a (l - 4) 


-dx 


X 


N-2 


> 


exp (a (1 - |:) Iwnh-i) - 5 ^- 

j=0 


N \ [qIi—A')]'’ N .. 

N-l 1 _ Li- jLL \yj I N-1^ 


f- 


-dx 


Kf 

|o<|x|<e"'!^| 


X 


> 



f nn ( 1 O ( ^ 1 

A 

1 

exp 

Lx ' ^ 1 -L L/ 1 b 1 

V J 

i 

1 

7 

cL 

O 

1 

<xn 

V 

/ 


cutv-i exp (—n) 
N-/3 


^ cxD as n —)■ cxD. 
Now, we will show that 


MTa^b i/d) = sup 

q;G(0,qjv) 


fl - (jL. 
V 


N-B 

— 


N 

\°‘N ^ 


AT ia,/3) 
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when MTafi {/3) < oo. Indeed, by fl2.ip . we have 


/ -^-1 \ 


N-13 


sup 

aG( 0 ,Oiv) 


V OiN 


V 


N 


AT {a,f3)<MTa,b (/3). 


/ 


Now, let {un) be the maximizing sequence of MTa^fy{f3), i.e., Un G \ {0} 

||Vm„||^ + ||Mn||^ < 1 and 


( Uat ( 1 — — I |tt 


B \ , ,_w_\ dx 

’ 1 L, . AT 1 I 


\x\ 


-^r 




We dehne 


Vn [X = 




U(XnX) 

II v« 


nllAT 


1 — ||Vu 


1/6 




> 0 . 


Hence 

Also, 


iivn^ii; 

||Vn„||^ = 1 and ||nn||Ar < 1 - 


4>n 




/S 




dx 


a; 


= 


N 

(j^N ( llVtinll^"^ aAr(l - \U 


P_\ L, A/(Af-l) 


dx 


X 


<X^-^AT{\\VunU-^aN,p)< sup 

ae(0,ajv) 


/,-L 


\(^N 


N-0 
a\ b 




N-l j 

r_^\ N 


yo'N 


AT {a,f3). 


Hence, we receive 




N-13 


MTa,b (/d) = sup 

Q;€( 05 QAr) 


\OiN 


\ 


N 


AT (a,/?) 


/ 


when MTafi {(B) < oo. 

Now, if there exists some b > N such that MT^^ {(3) < oo. Then we have 

N-(3 


hm„, \ I - (—^ 

V«A/ 


-a\ b 


AT {a, (3) < oo. 
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1 - 


Also, since MT (/9) < cx 3 : 

lim_ 

0.-^0 

By Theorem II.11 we can show that 

Hence 

hm„ 


a 

Un 


N-0 

N-l\ N 


AT {a, (3) < oo. 


1 - ( — 

OiN 


N-^ 

N-l\ N 


AT (a, f3) > 0. 


(3.3) 


1 - (^ 

\(^N 


N-/3 
a\ b 


1 - 


QiV 


N-p 

N-l\ N 


< OO 


□ 


which is impossible since b > N. The proof is now completed. 

4. Asymptotic behavior of subcritical Adams inequalities and 

RELATIONSHIP WITH THE CRITICAL ONES 

4.1. Sharp Adams inequalities on In this subsection, we establish the 

asymptotic behavior of the supremums in the subcritical Adams inequalities, namely 
Theorem 11.31 Again, it is worthy noticing that no version of Theorem 11.41 is assumed 
in order to prove Theorem 11.31 Moreover, we also establish the relationship between the 
supremums for the critical and subcritical Adams inequalities (Theorem 1.4). 

Proof of Theorem \l.A Let u G (M^) \{0}, m > 0, ||Am|| jv < 1 and ||M||iv: = 1. Set 
!!(«) = < a: G M” : u{x) > 


a 


N-2 

2 


JiN,2) 

Since u G (K"'), we have that fl{u) is a bounded set. Moreover, we have 


\n{u)\ < 


I I E. 

\U\ 2 


-dx < 




1 - 


/3(V,2) 


N- 2 — 

2 


1 - 


/3(V,2) 


N-2 

2 


Now, consider 


I = 


4.,, 


-dx 


Q{u) 




exp 


< 


a (1 - I) 


-dx. 


ft(u) 


\X\ 
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On we set 


V [x) = u [x) 


(0(^,2)) 


N- 2 n 
2 


Then it is clear that v G w'^ ^ (^('*^)) and ||At;|| jv < 1. Also, on ^(m), with e = 


, |A/(A-2) < I , I ^ I 1 _ 


(/3(Y2)) 


N/{N-2) 







- ) 2-N 1 

yr-2 ) \ -‘- 


a 


/3(iV,2) 



Hence, by Adams inequality on bounded domains (Theorem D); 


/ < 


exp (^a (1 - 4) 


dx 


Q(u) 


X 


< 


exp {P {N, 2) (1 - §) |n|^/(^-2) + a) 


dx 


Q,{u) 

<C(]V,/3)|fi(u)|'-» 


X 


< C (AT, /3) 


^ 1 ^ 

N-2 


N 
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We also have the following estimate: 

{n<l} 

iV 

<C{N) j 
{«<!} 


<C{N) 
<C{N,/3). 


U\ 2 



dx + 


/ 

{'U<l;|tc|<l} 


1 -^ 
M 2 



\ 

dx 


In conclusion, we have 


AT A {a,f3) < 


C {N, fd) 


1 - 


AN,2) 


We now show that AT A {fd {N, 2), /d) = oo. Indeed, let G C°° ([0,1]) be such that 


^(0) = ^'(0)=0; i^(l)=i^'(l) = l. 


For 0 < e < i we set 


H{t) = 


t 

1 _ etjj ( 1 ^) 


0 


0 < t < e 
e < t <1 — e 
l-e <t<l 
1 < t 


and consider Adams’ test functions 


('As\ 

Wi)' 


'Ipr (|t|) = H 
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By construction, ipr € and ifjr (\x\) = 1 for x E Br- Moreover, by | 2 ]: 

A N 

||A'0r|ll < cjAT-ia (A^, 2 ) 2 log 
1 


1 

1 \ ^ 2 
r 


Ar'j 


N 

r\\ N = O 


a(iV,2) = 


Now, we set 


Then 


log (^) 

n4 



Ar = Ar (N, 2) = 


1 + 2 £ 


Ur (|a;|) = log 


+ 0 


log(i) 



N-2 

N 


4r{\x\). 


Now, 


Ur (|a;|) = log 



for X E Br 


II Awrll N < ojn-icl {N, 2) 2 Ar and 


IIA'frllf" < AEAa/-\ 

2 iV 


AT A {(3 {N, 2), /?) > lim 

r->'0+ 


||AUr|| N 

T 




||An,||ll 

^ lim - - - 

-r^+ „ 


Br 






N/{N-2)\ 

Ur 

1 ax 


II Af 

2 

/ kl" 


> lim 

r->'0+ 


II 2 V" N) J 
U-rlliV Br 

2 


||An,||ll " 




/3(iV,2)(l-A)iog(l) 


V 


IIAnrll 

/ 


N 

N-2 

E. 

2 




dx 


X 


„iV-/3 


E 

I'Ut'II ^ 
2 


(1-4) 




(iV-/3)log(i) 


VL 


l + 2e 


'"- + ^(i4TT 


—>■ cx) as r —)■ 0 "^. 
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Now, consider the following sequence 


Uk (t) = < 




In k 




+ 


N/3 (lnA;)"^ln^ 


(Infc)W 


r if 0 < |a;| < (i 


l \ N 


Then, we can check that 


0 


1 < IIAwfelll <1 + 0 


if (i)-<|a;|<l. 
if \x\ > 1. 


In k 


Also, 


||wfc||| <c^A-i (iV/3(iV,2)^-' (In A;) 


N p -I 

—-1 — \ 2 / ^N-l 


+ 


Un-1 


N L/9(fV,2) 


In k 


1 -- 


iV 

2 


+ 


lnfc \ jv I k 
k ) 


< Ai\nk)~^ + B i\nk)^ r 

k 


for some constants A,B > 0. 
Let 


then 

and 


Vk = 


Uk 


||AMfc||| 
||ATfc||iV = 1 


ll^fclll < liMfclll < A(ln/c) ^ + B{lnk) ^ j. 
2 2 k 


By the dehnition of AT A (a, (3 ), we get 

1 r 


AT A {a, 13) > 


> 


Afi-A'i 




(«(i - 

f3 


4>N,2 ( Ct ( 1 


\X 


3 


, dx 




> C 
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Note that when k (independent of a) is large 

1 f3{N,2) 


f3{N,2) 


IIAnfclir^ 


a 


a 


So we have 


ATA{a,l3) > exp 1 - 


I 

NJ \/3{N,2) 


^ — 1 ] In fc ■ (In ^ 


When a is close enough to (3{N,2), we are able to choose k large enough as required 
before such that 

In k 


or 


Then 


i-£ 


1 - 


a 


NJ \/3{N,2) 


/J(A,2) 

— 1 1 In A; 1 . 


1 -^ / 
-L N • 


ATA{a,P)>C- 


1 - 


AN,2) , 


AN,2) 


N-2 

2 


1-4 


when a is close enough to (3{N, 2). 


□ 


We now offer another proof to Theorem 11.41 using the improved sharp subcritical Adams 
inequality fll.7p . 


Proof of Theorem \1.4\ Assume 0 < 6 < A. Let u G 2 : || Am||'^ + ||m||^ < 1 . 

Assume that 


IIAulliv = 0 e (0,1); llulriv <1-9° 


If j < 0 < 1, then we set 


V {x) = 


X = 


u (Ax) 

9 

(1 - r)^ 

9h 


> 0 . 


Hence 


||An||jv = 


||Am|U 


9 


= 1 ; 


K 

kill 

2 


I I- j ^ 

n 2 dx = 


\u (Ax) 1 2 dx = 


1 ( 1 - 6'“)26 


N ll“ll^ < 
9^X^ ^ 


9fx^ 


= 1 . 
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By Theorem 11.31 we get 


\x\ 


/S(iV,2) (1 -A)|^(Ax)|^ 

■dx= I -^^^- ^iXx) 


\Xx\ 


<XN-0 


<t'N.2 (9A,;3(iV,2)(l-f) 


dx 


X 


< X^-^ATA {N, 2), /?) < 


1 \ N-/3 

(1 - 
6^ 


C {N, (3) 


. _ ( eN-2 0(N,2) \ 
' AN,2) j 


1 p 
JV-2n 1-jv 


(1 - 0 )2t- I ^ 

< P-a —C {N^ (3) <C (iV, (3, a, b) since b < 

1 — ^2 


V (x) = 2^u (2x), 


If 0 < 0 < |, then with 


we have 


II An||^ = 4 ||Am|| iv < 1 


T U < 1. 
2 


By Theorem II.31 

r 0^,2(/9(A,2)(1-|)|i/|^ 


.dx < 4^ / - ^ 


\x\ 


\x 


0 


■dx 


<C{N,f3). 


We now also consider the Adams’ test functions as in the proof of Theorem I1.3I Let 
13 > f3{N, 2). Set 


w,,(|x|) = A, 


Ur (|x|) 
II Am^ II jv 


Xr —>'r-^0+ 1- 


where G (0,1) is a solution of A“ + 



1 . 


Then 


II AtCr 


^ ill 

w + 

2 


b 

iV 

2 


1 
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and 


lim 

r->'0+ 


4>N,2 (yP (l - ji) 


Wr\^-^ 


dx 


\x\ 


> lim / 0Ar9 

r^0+ J 

Br 






||An 

/ 


N 

N-2 
r\\ N 
2 




dx 


\x\ 


> lim U]si-i 


„N-l3 




4’N,2 


\ 


/S 


(iV-/3)log(i) 


/?(iV,2) 


V 


l + 2d||^1L + 0 


log(i^ 


2 

N-2 


—>■ oo as r —)■ 0^ if we choose £ small enough. 
It now remains to show that 


1 - 


Aa,b (Id) = sup 

ag(0,/3(A,2)) 


I3{N,2) 




N-P 


0{N,2) 


AT A {a, (3) 


By (I22D: 


sup 

ae(0„3(A,2)) 


1 - 


0 {N, 2 ) 


N-p 
N 


‘-a\ 


( 


\ 1/3(Y,2)) / 


AT A {a,ld)<Aa,b (/?). 


Now, let {un) be the maximizing sequence of Aa^}j[l3), i.e., Un G (R^) \ {0} 

||Am„||^ + IlMnll A < 1 and 


0Ar,2 /5(A,2) 1 


A 

N 


\u. 


dx 


X 


p Aq^ I) 


We dehne a new sequence: 


Vn [X) = 


— 


UjXnX) 

IIAUnlliV 

2 

1 - ||An„||^\ ^ 


> 0 . 


'-nil K 
2 


Hence 


II Am,. 

||Am„||]v = 1 and ||M„||iv < 1. 
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Also, 


feL9(iV,2) 1- 


/9 \ I dx 


N 


Ur. 


\X\ 




(ll P (N, 2) (1 - A) li,,!"''*"-"' 


dx 


\x\ 


<\^-f^ATA(\\Aur,fJ^^-^^ < sup 

^ 2 / qG(0,/3(A^,2)) 


^(7V,2) 


N-2 
N ^ 


\ 


\ 1/3(A,2)) / 


Now, we assume that there is some b > ^ such that Aa^b [fd) < oo. Then 




Aa,b W) = sup 

«G(0,/3(A,2)) 


/3(JV,2) 


N-3 


\ U(N,2)] / 


N-2 I 
N 


AT A {a, (3) 


and so 


lim, 


«t/3(N,2) 


1 - 


/3(N,2) 


Also, by Theorem II.31 


/ 

\ [w^) 

/ 


N-p 
a\ 2b 




AT A (a, fd) < oo. 


lim 


at/3(N,2) 


/3(7V,2) 


N-0 
a\ N 


\ i/3(N,2)) / 


ATA (a, /9) > 0, 


Hence: 


lim 


1 - 


f}{N,2) 


a\ 2b 


.at/3(N,2) 


which is impossible since b > dd.. The proof is now completed. 




N-0 


> 0 


4.2. Adams inequalities on W^' (M^)-Proof of Theorem ll.SL Let u € 

{0} : (-A)^m 


+ l|w|h < 1- We set 


{-N)-^u =0e(O,l); ||n|r <1-0T 

p 


N-^ 

2 b 

AT A (a,/d). 


(4.1) 


□ 

W^’P (M^) \ 
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If ^ < 6^ < 1, then by define a new function 


V {x) = 


A = 


u {\x) 

9 

(1 - 


01 


> 0 . 


we get 


(-A)U(l) = y ((-A)5 «)(Ax). 


Hence 


(—A) 2 V 


u||„ = / \vv dx = 


- = i; 
1 


QP 


1 


By the dehnition of GAT A (a, /9), we get 


4>n,^ 


,7 I U’O 


— l-ulp-i 


N 


dx = 


0A7 (/^O (^, 7) (1 - 4) 1“ I ) 


Uc 


|Aa;| 


d (Aa 


<AY-/3 


0A,7 (^^-^/5o(^,7) (1 - 4) 


dx 


X 


< A 


N- 


dp-i/3o(A,7),/3) < 


1 \ Y-/3 

(1 - 

01 


C {N, fd) 


1 - 


eF^/ 3 o(A, 7 ) \ 

/ 3 o(Y, 7 ) J 


p-i 


1--I 


< 


^(1 — 6'“)^''’j 




(1-d)’ 
2^1 * 


-C {N, fd) < C {N, Id, a, h) since b < p. 


If 0 < 6* < ^, then with 
we have 


V (x) = 2'^u (2x), 


-A) 2 V 


= 2^ 


-A) 2 u 


< 1 


l^'llp < 1- 


By the dehnition of GAT A {a, (d) : 

r 4 ’n,'i 


#) i«i* 


■dx < 2 


N 


M*) 


dx 


X 


X 


<G{N,/d). 
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